This work is about extended pythagorean triples, called NPT, APT, and AI-PT. We generate infinitely many NPTs and APTs and then develop algorithms for infinitely many AI-PTs. Since AI-PT ( , , ) is of | − | = 1, we ask generally for PT ( , , ) satisfying | − | = for any ∈ N. These triples are solutions of certain diophantine equations.
Introduction
A pythagorean triple (PT) is an integer solution ( , , ) satisfying the polynomial 2 + 2 = 2 , and it is said to be primitive (PPT) if gcd( , , ) = 1. There have been many ways for finding solutions of 2 + 2 = 2 , and one of the wellknown methods is due to Euclid, BC 300. The investigation of integer solutions of 2 + 2 = 2 has been expanded to various aspects. One direction is to deal with polynomials 2 + 2 = 2 ± 1, where in [1] its integer solutions were called almost pythagorean triple (APT) or nearly pythagorean triple (NPT) depending on the sign ±. Another side is to study solutions of 2 + 2 = 2 having some special conditions. A solution ( , , ) is called isosceles if = . Since there is no isosceles integer solution of 2 + 2 = 2 , isosceles-like integer triples ( , , ) with | − | = 1 were investigated. We shall call the ( , , ) an almost isosceles pythagorean triple (AI-PT), and typical examples are (3, 4, 5) and (20, 21, 29) . In literatures [2] [3] [4] , AI-PT was studied by solving Pell polynomial. And a few others [5, 6] used triangular square numbers for finding AI-PT. We note that in some articles AI-PT was called almost isosceles right angled (AIRA) triangle. But in order to emphasize relationships with PT, APT, and NPT in this work, we shall refer to AIRA as AI-PT. APT and NPT were studied in [1] while AI-PT was studied in [2, 4] , and so forth, but it seems that no one has asked about their connections.
In this work we generate infinitely many APTs and NPTs and then apply the results in order to develop algorithms for constructing infinitely many AI-PTs. Moreover we study PTs ( , , ) satisfying | − | = for any ≥ 1. So the study of these triples can be regarded as a research of solving diophantine equations 2 + 2 = 2 ± 1 and 2 − 2 = 2 .
Almost and Nearly Pythagorean Triples
APT and NPT, respectively, are integer solutions of 2 + 2 = 2 + 1 and 2 + 2 = 2 − 1, respectively. If ( , , ) is an APT or NPT, so it is (± , ± , ± ) hence we generally assume , , > 0. Some triples were listed in [1] (4, 7, 8) , (8, 9 , 12), (7, 11, 13) , (11, 13, 17), (10, 15, 18), . . . Lemma 1 (see [1] Table 1 ).
Theorem 2 gives infinitely many APTs and NPTs ( , , ) such that − = 1. Not only this, we can generate APT and NPT ( , , ) with − = 5. Theorem 3 together with Lemma 1 yields infinitely many NPTs and APTs (see Table 2 ).
Though there are APT and NPT ( , , + ) with = 1, 5, no NPT ( , , + ) exists if = 2 or 3. In fact if ( , , +2) is a NPT then 2 = 4 + 3. But since 2 ≡ 3 (mod 4) is quadratic nonresidue, no solution exists. Similarly if = 3 then 2 ≡ 2 (mod 6), so no integer solution . 
Proof. A triple ( , , + ) is an APT if
Hence if we let = 2 ± ( ± 1) and = 2 ( ± ± 1) + 1 for ∈ Z, then it can be observed that
is an APT. In particular, ( +1, 1, +1) is an APT for all > 0.
. For ( , , + ) to be a NPT, we must have
For instance, (31, 43, 53), (51, 125, 135) are APTs ( , , ) with − = 10. Similarly (34, 47, 58), (56, 137, 148) are APTs with − = 11. So we have infinitely many APTs ( , , ) such that − is any integer.
On the other hand, consider = 1, 5, 17, 37 such that −1 is square. Then Theorem 4 yields NPT ( , , + ) satisfying 2 = 2 + 2 − 1 and = ( 2 − 2 + 1)/2 . If = 1 then ≡ 0 (mod 2) and = − 2 /2 yielding that ( , , + 1) is a NPT; say (2, 2, 3), and so forth. If = 5 then ≡ ±2 (mod 10) and = ( 2 − 24)/10 with 2 > 24 implying that ( , , + 5) is a NPT; say (8, 4, 9) , and so forth. If = 17 then ≡ ±4 (mod 34) and = ( 2 − 288)/34 with 2 > 288 implying that ( , , + 17) is a NPT; say (30, 18, 35), and so forth. [1] . We now discuss another way to construct NPTs from PPT. Proof. The PPT ( , , ) can be written as = 2 − V 2 , = 2 V, and = 2 + V 2 where > V > 0 are bipartite and gcd( , V) = 1. Let = 2 and V = 2 + 1 ( , ∈ N). Clearly = 2 + V 2 ≡ 1 (mod 4) and is odd. For ( , , + ) to be a NPT, it satisfies 2 = 2 + 2 − 1 and
If is a prime then 2 ≡ −1 ( mod ) has integer solutions since ≡ 1 (mod 4). So with = ( 2 − 2 + 1)/2 , there exists a NPT of the form ( , , + ). On the other hand if = 1 ⋅ ⋅ ⋅ ( odd primes, 1 ≤ ≤ ), then ≡ 1 (mod 4) implies that either every ≡ 1 (mod4) or there are even number of such that ≡ −1 (mod 4) for 1 ≤ ≤ . Thus Legendre symbol (−1/ ) equals (−1/ 1 ) ⋅ ⋅ ⋅ (−1/ ) = 1, so 2 ≡ −1 (mod ) has integer solutions; hence there is a NPT ( , , + ).
The PPT ( , , ) with ≤ 40 are (3, 4, 5), (5, 12, 13), (8, 15, 17) , (7, 24, 25) , (20, 21, 29) , and (12, 35, 37). If = 5, 17, 37 then Table 3 contains the list of NPTs. When = 13, 25, 29, NPTs are as shown in Table 4 .
An APT ( , , ) satisfying = is called an isosceles APT (iso-APT). Analogously an iso-NPT is defined. Though there is no isosceles PT, there are many iso-APTs and iso-NPTs. Indeed iso-APT and iso-NPT ( , , ) satisfy
so that the pair ( , ) is an integer solution of 2 2 − 2 = ±1, which is the Pell polynomial. If
Shows that ( 1 2 + 2 1 , 2 1 2 + 1 2 ) satisfies 2 2 − 2 = −1. 
where the subscripts +, − indicate solutions of 2 2 − 2 = ±1, respectively. 
Now 0 = (1, 1) = 1 and 1 = (2, 3) = 2 = 0 2 . So if we assume
Moreover for = ( , ), +1 = ( + , 2 + ) satisfies
. Similarly from +2 = 2 = (3 + 2 , 4 + 3 ), we have 2(3 + 2 )
2 − (4 + 3 ) 2 = 2 2 − 2 . Thus if ∈ ± then +1 ∈ ∓ and +2 ∈ ± . This completes the proof. ( 1 , 1 , 1 ) ( = 1, 2) be either iso-NPTs or iso-APTs. Define a multiplication by
Corollary 8. Let
( 1 , 1 , 1 )( 2 , 2 , 2 ) = ( 1 2 + 2 1 , 1 2 + 2 1 , 2 1 2 + 1 2 )
. Then the multiplication of iso-NPTs (or iso-APTs) yields an iso-NPT. And the multiplication of iso-APT and iso-NPT yields an iso-APT.
The corollary about iso-APT and iso-NPT follows immediately. Hence sets − and + yield iso-NPTs { (2, 2, 3 
Almost Isosceles Pythagorean Triple
The nonexistence of isosceles integer solution of 2 + 2 = 2 intrigues investigations for finding solutions that look more and more like isosceles. By an almost isosceles pythagorean triple (AI-PT), we mean an integer solution ( , , ) of 2 + 2 = 2 such that and differ by only 
, so the pairs ( , V) correspond to the pairs ( , V ) ∈ − in Theorem 7. Hence the set − = { (2, 3), (12, 17), (70, 99) , . . .} together with = (V − 1)/2, = + , = + 1, and = + provides Table 5 of AI-PT ( , , ). 
(
2 + 2 ) = 2 (2 2 + 2 + 1)
Similarly Theorem 7 says if ( , V ) ∈ + then ( −1 , V −1 ) ∈ − , where
Hence by letting = − +V +(1/2)(2 −V −1) = (1/2)(V − 1), = − + V + (1/2)(2 − V + 1) = (1/2)(V + 1), and = − + V + 2 − V = , (1) implies that ( , , ) is an AI-PT. Table 5 can be compared to the results in [2, 3] . A feature here is that we first generate infinitely many isoNPTs ( , , V ) and then find AI-PTs (1) ( , , −1 + ) is an iso-APT if is odd; otherwise it is an iso-NPT. shows (1) due to Theorem 7. For (2), clearly = 0 = ( , −1 + ) and −1 + is odd. If is even then ∈ − , so by Theorem 9 we may let
So we have an AI-PT ( , , ).
Now if is odd then ∈ + . Again by Theorem 9, we have an AI-PT ( , , ) with = (1/2)( + −1 − 1), = (1/2)( + −1 + 1), and = .
There are infinitely many iso-APTs and iso-NPTs by means of Pell sequence, where their corresponding pairs are regarded as solutions of 2 2 − 2 = ±1. Moreover infinitely many AI-PTs ( , , ) arose from Pell sequence are solutions of 2 + 2 = 2 with − = 1. Indeed, due to Theorem 10, if = 9 then ( 9 , 9 , 8 + 9 ) = (985, 985, 1393) satisfies 2 + 2 = 2 + 1, so it is an iso-APT, while ((1/2)( 8 + 9 − 1), (1/2)( 8 + 9 + 1), 9 ) = (696, 697, 985) meets 2 + 2 = 2 , so it is an AI-PT. On the other hand if = 10 then ( 10 , 10 , 9 + 10 ) = (2378, 2378, 3363) is an iso-NPT satisfying 2 + 2 = 2 − 1, while ((1/2)( 10 + 11 − 1), (1/2)( 10 + 11 + 1), 11 ) = (4059, 4060, 5741) is an AI-PT satisfying
Besides Pell sequence, Fibonacci sequence is also useful to generate AI-PT. Horadam [8] 
In particular if = 1 and = 2, we have 
And we notice that middle two terms of { } are consecutive Pell numbers and the corresponding PT are all AI-PT.
Theorem 11. Let = , = +1 be Pell numbers. Then the PT generated by four Fibonacci type numbers − , , , and + is an AI-PT.
Proof. Consider four Fibonacci type numbers { − , , , + } and its generated triple . We have seen that are all AI-PT if 1 ≤ ≤ 4. Now let = ( , , ) be the PT generated by { +1 − , , +1 , +1 + } for any > 0. Since = 
due to the determinant of in Theorem 10. Thus is an AI-PT.
Like for triples ( , , ) satisfying | − | = 1, it is worth asking for triples ( , , ) satisfying | − | = for ∈ N. For instance, the Fibonacci type numbers {1, 1, 2, 3}, {1, 2, 3, 5}, and {1, 3, 4, 7} produce PTs ( , , ) = (3, 4, 5), (5, 12, 13), (7, 24, 25) , respectively, where − = 1, 7, 17. Proof. We assume 1 = 1 and 1 = . Fibonacci type numbers { 1 , 1 , 1 + 1 , 1 + 2 1 } make a PT 
